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MULTIPLICATIVE PROPERTY OF LOCALIZED CHERN
CHARACTERS FOR 2-PERIODIC COMPLEXES
JEONGSEOK OH
Abstract. In this paper, we prove the multiplicative property of local-
ized Chern characters and hence, prove that the localized Chern char-
acter operations are ring homomorphisms.
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1. Main result
Let Y be a finite type DM stack over an arbitrary field k. Let E‚ be a
2-periodic complex on Y
E‚ :“ ¨ ¨ ¨
d´
ÝÝÑ E`
d`
ÝÝÑ E´
d´
ÝÝÑ E`
d`
ÝÝÑ ¨ ¨ ¨ .
Here, E` is on even degree and E´ is on odd degree. Suppose that E‚ is
exact off a closed substack X
i
ÝÑ Y . Suppose also that ker d` and ker d´ are
vector bundles on Y ´X, i.e., E‚ is strictly exact off X. In [5], Polishchuk
and Vaintrob have constructed a localized Chern character for 2-periodic
complex
chYXpE‚q : A˚pY q Ñ A˚pXqQ(1.1)
which commutes the following diagram:
chYXpE‚q : A˚pY q
//
chpE`q´chpE´q ''P
P
P
P
P
P
P
P
P
P
P
P
A˚pXqQ
i˚

A˚pY qQ.
They follow the idea of Baum, Fulton, and MacPherson [1] for the construc-
tion. Here is the brief idea of the construction. We may assume Y ´X ‰ φ.
Let V be an integral closed substack of Y . Note that we use the definition
in [6] for Chow groups of a DM stack. Let r :“ rankE` “ rankE´, Gr :“
1
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Grpr,E` ‘ E´q and G :“ Gr ˆY Gr. Let rV1s P Z˚pGq be a cycle defined
to be V1 :“ φpV ˆ A1q|8 where φ : Y ˆ A
1 ãÑ Gˆ P1 is defined by
φ : py, λq ÞÑ pgrpλd´pyqq, grpλd`pyqq, λq.(1.2)
Let ∆ : Gr Ñ G be a diagonal morphism and U :“ Y ´X. Let rV2s P Z˚pGq
be a cycle defined to be V2 :“ ∆˚pψpV |U qq where ψ : U ãÑ Gr|U is defined
by
ψ : y ÞÑ ker d´pyq ‘ ker d`pyq.(1.3)
It is known that rV1s ´ rV2s is a class in Z˚pG|X q, i.e., it is supported on
X. In other words, rV1|U s ´ rV2|U s “ 0 in Z˚pG|U q. Let ξ :“ ξ1 ´ ξ2 be a
tautological bundle on G. Define
chYXpE‚q X rV s :“ η˚pchpξ|G|X q X prV1s ´ rV2sqq,
where η : G|X Ñ X is a projection. Here, ch
Y
XpE‚q X rV s is well-defined as
a cycle in A˚pXqQ. We have the following lemma:
Lemma 1.1. For a class D P Z˚pGrq satisfying
∆˚D|U “ rV2|U s P Z˚pG|U q,
we have chYXpE‚q X rV s “ η˚pchpξ|G|X q X prV1s ´∆˚Dqq.
Proof. Since ∆˚D|U “ rV2|U s, rV1s ´∆˚D is supported on X. By construc-
tion, chpξq X rV2s “ chpξq X∆˚D “ 0. 
The main result of the paper is the following:
Theorem 1.2. Let E1‚ , E
2
‚ be 2-periodic complexes on Y strictly exact off
X1
i1ÝÑ Y , X2
i2ÝÑ Y , respectively. Then we have the following:
chYX1XX2pE
1
‚ b E
2
‚q “ ch
X1
X1XX2
pi˚1E
2
‚q ˝ ch
Y
X1
pE1‚q.
In [5, Section 2.3], Theorem 1.2 is conjectured in first remark. Let M
be a finite type DM stack over k and V be a vector bundle on M . Let |V |
denote the total space of V and p : |V | Ñ M be a projection. Let E‚ be a
2-periodic complex of vector bundles on M strictly exact off Z ãÑM . In [5,
Proposition 2.3(vi)], Theorem 1.2 is proved for Y “ |V |, E1‚ “ Koszul-Thom
complex of V _, and E2‚ “ p
˚E‚.
1.1. Remark. Let K
Z{2,st
0
pY qX denote a Grothendieck group of a category
of 2-periodic complexes of vector bundles on Y strictly exact off X
i
ÝÑ Y .
Let A˚pX
i
ÝÑ Y q be a bivariant Chow group for a morphism i defined in
[3, Chapter 17]. In [5, Proposition 2.3(iv)] Polishchuk and Vaintrob proved
that the homomorphisms (1.1) give rise to an additive homomorphism
K
Z{2,st
0
pY qX Ñ A
˚pX
i
ÝÑ Y qQ.(1.4)
Note that we use the definition of acyclic 2-periodic complex in [2]. Theorem
1.2 implies (1.4) is a ring homomorphism.
MULTIPLICATIVE PROPERTY OF LOCALIZED CHERN CHARACTERS FOR 2-PERIODIC COMPLEXES3
In [4], Sreedhar, and the author proved K-theoretic version of Theorem
1.2.
Acknowledgments The author would like to thank Bumsig Kim for sug-
gesting him to think about the property. He thank Feng Qu for pointing
out the mistake in the construction of the morphism g in the earlier draft
and for careful check and advice. He also thank Alexander Polishchuk for
very kind concern and advice.
2. Proof of Theorem 1.2
We may assume that Y ´X1 ‰ φ and Y ´X2 ‰ φ. If not, Theorem 1.2
can be proven by [5, Proposition 2.3(v)] and projection formula. Let V be
an integral closed substack of Y . By the bivariant property for the localized
Chern characters, we may assume that V “ Y , i.e., it is enough to show
that
chYX1XX2pE
1
‚ b E
2
‚qrY s “ ch
X1
X1XX2
pi˚1E
2
‚qpch
Y
X1
pE1‚qrY sq.
Let ri :“ rankE
i
` “ rankE
i
´, Gri :“ Grpri, E
i
` ‘ E
i
´q and Gi :“ Gri ˆY
Gri for i “ 1, 2. Let r :“ 2r1r2 and E‚ :“ E
1
‚bE
2
‚ . Note that r “ rankE` “
rankE´. Let
Gr :“Grpr,E` ‘ E´q
“Grpr,E1` b E
2
` ‘ E
1
` b E
2
´ ‘ E
1
´ b E
2
` ‘ E
1
´ b E
2
´q
and G :“ Gr ˆY Gr. We have a rational map
g : G1 ˆY G2 //❴❴❴ G
defined generically by
ppV1, V2q, pW1,W2qq ÞÑ pV1 bW1 ‘ V2 bW2, V1 bW2 ‘ V2 bW1q.
We have a dense open substack U Ă G1ˆY G2 where g|U : U Ñ G is defined.
The morphism g|U is a locally closed embedding. Thus, there is a locally
closed embedding U ãÑ pG1 ˆY G2q ˆY G. If we take its closure U¯ , we have
proper morphisms
g1 : U¯ Ñ G1 ˆY G2, g2 : U¯ Ñ G.
Let ξ1, ξ2 and ξ be tautological bundles on G1, G2 and G, respectively. Note
that we have
g˚1 pξ
1
b ξ2q|U “ g
˚
2 ξ|U .(2.1)
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2.1. The cycle chYX1XX2pE
1
‚ b E
2
‚qrY s. Let φ : Y ˆ A
1 ãÑ G ˆ P1 be an
embedding similarly defined as in (1.2). Let Y1 :“ φpY ˆ A1q|8. Note that
we use the notation |8 for the specialization morphism.
Let U :“ Y zpX1 XX2q “ U1 Y U2. Let ψ : U ãÑ Gr|U be an embedding
similarly defined as in (1.3). Let ∆ : Gr Ñ G be the diagonal morphism.
Let Y2 :“ ∆˚pψpY |U qq. We have
chYXpE‚q X rY s “ η˚pchpξ|G|X q X prY1s ´ rY2sqq,(2.2)
where X :“ X1 XX2 and η : G|X Ñ X is the projection.
2.2. The cycle chX1X1XX2pi
˚
1E
2
‚qpch
Y
X1
pE1‚qrY sq. Let φ1 : Y ˆ A
1 ãÑ G1 ˆ P
1
and φ2 : Y ˆA
1 ãÑ G2ˆP
1 be embeddings similarly defined as in (1.2). Let
Y 11 :“ φ1pY ˆA
1q|8.
Let U1 :“ Y zX1 and U2 :“ Y zX2. Let ψ1 : U1 ãÑ Gr1|U1 and ψ2 : U2 ãÑ
Gr2|U2 be embeddings similarly defined as in (1.3). Let ∆1 : Gr1 Ñ G1 and
∆2 : Gr2 Ñ G2 be diagonal morphisms. Let Y
1
2 :“ p∆1q˚pψ1pY |U1qq. We
have
chYX1pE
1
‚ q X rY s “ pη1q˚pchpξ
1|G1|X1 q X prY
1
1 s ´ rY
1
2 sqq,
where η1 : G1|X1 Ñ X1 is the projection. And we have
chX1X pi
˚
1E
2
‚qpch
Y
X1
pE1‚q X rY sq(2.3)
“pη2|G2|X q˚pchpξ
2|G2|X q X prpch
Y
X1
pE1‚qrY sq1s ´ rpch
Y
X1
pE1‚qrY sq2sqq
where η2 : G2|X2 Ñ X2 is the projection; and
pchYX1pE
1
‚qrY sq1 :“ pφ2|X1qpch
Y
X1
pE1‚qrY s ˆ A
1q|8
pchYX1pE
1
‚qrY sq2 :“ p∆2|X1q˚pψ2|X1qpch
Y
X1
pE1‚qrY s|X1zX2q.
Consider the embedding ϕ2 :“ G1 ˆY φ2 : G1 ˆ A
1 ãÑ pG1 ˆY G2q ˆ P
1
and let rV1s, rV2s P A˚pG1 ˆY G2q be the classes
V1 :“ ϕ2pY 11 ˆ A
1q|8 and V2 :“ ϕ2pY 12 ˆ A
1q|8,
respectively. Consider the embedding ψ12 :“ G1 ˆY ψ2 : G1|U2 ãÑ G1 ˆY
Gr2|U2 and let rW1s, rW2s P A˚pG1 ˆY G2q be the classes
W1 :“ ∆
1
˚pψ
1
2
pY 1
1
|G1|U2 qq and W2 :“ ∆
1
˚pψ
1
2
pY 1
2
|G1|U2 qq
where ∆1 :“ G1ˆY ∆2 : G1ˆY Gr2 Ñ G1ˆY G2. From the diagrams below
G1 ˆ A
1
ϕ2
//

G1 ˆY G2 ˆ A
1

Y ˆ A1
φ2
// G2 ˆ A
1
and G1|U2
ψ1
2
//

G1 ˆY Gr2|U2

U2
ψ2
// Gr2|U2 ,
by commutativity, we have:
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Lemma 2.1.
pchYX1pE
1
‚qrY sq1 “ pp2q˚pchpp
˚
1pξ
1|G1|X1 qq X prV1s ´ rV2sqq
pchYX1pE
1
‚qrY sq2 “ pp2q˚pchpp
˚
1pξ
1|G1|X1 qq X prW1s ´ rW2sqq
where p1 : G1 ˆY G2|X1 Ñ G1|X1 and p2 : G1 ˆY G2|X1 Ñ G2|X1 are
projections. The second equality is in
Cokerp∆2|Xq˚ “ A˚pG2|X1q{p∆2|Xq˚A˚pGr2|Xq.
Proof. By commutativity of the diagram, we have
pφ2|X1q˚pch
Y
X1
pE1‚qrY s ˆ A
1q
“ pφ2|X1q˚ppη1q˚pchpξ
1|G1|X1 q X prY
1
1 s ´ rY
1
2 sqq ˆ A
1q
“ pp2 ˆ idq˚ppϕ2|X1q˚ppchpξ
1|G1|X1 q X prY
1
1 s ´ rY
1
2 sqq ˆA
1qq
“ pp2 ˆ idq˚pchpp
˚
1pξ
1|G1|X1 qq X pϕ2|X1q˚pprY
1
1 s ´ rY
1
2 sq ˆA
1qq.
Thus, we observe that the class
pφ2|X1q˚pch
Y
X1
pE1‚qrY s ˆA
1q
´ pp2 ˆ idq˚pchpp
˚
1pξ
1|G1|X1 qq X pϕ2|X1q˚pprY
1
1
s ´ rY 1
2
sq ˆ A1qq
in A˚pG2|X1 ˆ P
1q is supported on G2|X1 ˆ t8u. The first equality follows
from Lemma 2.2 below. Also, we have
pψ2|X1zX2q˚pch
Y
X1
pE1‚qrY s|X1zX2q
“ pψ2|X1zX2q˚ppη1q˚pchpξ
1|G1|X1 q X prY
1
1 s ´ rY
1
2 sqq|X1zX2q
“ pp12q˚ppψ
1
2|X1zX2q˚pchpξ
1|G1|X1 q X prY
1
1 s ´ rY
1
2 sq|X1zX2qq
“ pp12q˚pchpp
1˚
1 pξ
1|G1|X1 qq X pψ
1
2q˚prY
1
1 s ´ rY
1
2 sq|X1zX2q
where p1
1
: G1 ˆY Gr2|X1 Ñ G1|X1 and p
1
2
: G1 ˆY Gr2|X1 Ñ Gr2|X1 are
projections. We observe that the class
pψ2|X1zX2q˚pch
Y
X1
pE1‚ qrY s|X1zX2q
´ pp12q˚pchpp
˚
1pξ
1|G1|X1 qq X pψ
1
2
q˚prY
1
1
s ´ rY 1
2
sq|X1zX2q
in A˚pGr2|X1q is supported on Gr2|X . Thus, the second equality is modulo
p∆2|Xq˚A˚pGr2|Xq. 
For any stack Z and any class C P A˚pZ ˆ P
1q supported on Z ˆ t8u,
C|8 “ 0 P A˚pZq. It gives rise to the following lemma:
Lemma 2.2. For cycles C1, C2 P A˚pZ ˆ P
1q such that C1|A1 “ C2|A1 P
A˚pZ ˆ A
1q, we have C1|8 “ C2|8 P A˚pZq.
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Note that rV1s´ rV2s, rW1s´ rW2s are supported on X1; and rV1s´ rW1s,
rV2s ´ rW2s are supported on X2. Thus, rV1s ´ rW1s ´ rV1s ` rW2s are
supported on X. Now, the equation (2.3) becomes
chX1X pi
˚
1E
2
‚qpch
Y
X1
pE1‚qrY sq(2.4)
“ pη2|G2|X q˚pchpξ
2|G2|X q X prpch
Y
X1
pE1‚qrY sq1s ´ rpch
Y
X1
pE1‚ qrY sq2sqq
“ p˚pchpξ
1
b ξ2|G1ˆY G2|X q X prV1s ´ rW1s ´ rV2s ` rW2sqq
where p : G1 ˆY G2|X Ñ X is the projection. Here, the second equality
follows from Lemma 2.1.
Let ϕ : Y ˆ A1 ˆ A1 Ñ pG1 ˆY G2q ˆ P
1 ˆ P1 be an embedding defined
to be ϕ :“ pϕ2 ˆ idq ˝ pφ1 ˆ idq,
ϕ : Y ˆ A1 ˆ A1
φ1ˆidÝÝÝÝÑ G1 ˆ P
1 ˆ A1 – G1 ˆA
1 ˆ P1
ϕ2ˆid
ÝÝÝÝÑ pG1 ˆY G2q ˆ P
1 ˆ P1.
We obtain
rV1s “ ϕpY 11 ˆ A
1q|8 “ ϕppφ1qpY ˆ A1q|8 ˆ A1q|8
“ ϕpY ˆ A1 ˆ A1q|p8,8q
in Z˚pGq. For simplicity, we assume ϕ : Y ˆA
1 Ñ pG1ˆY G2qˆP
1 by using
diagonal morphism A1 Ñ A1 ˆ A1. Then, we have rV1s “ ϕpY ˆ A1q|8.
Now, we observe that ϕpY ˆ A1q Ă U ˆ A1. Let rF1s :“ ϕpY ˆ A1q|8 Ă U¯ .
Then, we have pg1q˚rF1s “ rV1s by construction and
chpg˚1 pξ
1
b ξ2qq X rF1s “ chpg
˚
2 pξqq X rF1s(2.5)
by (2.1). Let rF2s :“ F1|U P Z˚pU¯q. We know that
pg1q˚rF2s|U “ pg1q˚rF1s|U “ rV1s|U “ prW1s ` rV2s ´ rW2sq|U
P Z˚pGr1 ˆY G2|U YG1 ˆY Gr2|U q.
By construction, we have
pg1q˚rF2s P Z˚pGr1 ˆY G2 YG1 ˆY Gr2q.(2.6)
Similarly, we have
pg2q˚rF2s P Z˚pGrq.(2.7)
A proof of (2.7) will be given in §2.3. Thus, the equation (2.4) becomes
chX1X pi
˚
1E
2
‚qpch
Y
X1
pE1‚qrY sq
“ p˚pchpξ
1
b ξ2|G1ˆY G2|X q X prV1s ´ rW1s ´ rV2s ` rW2sqq
“ p˚pchpξ
1
b ξ2|G1ˆY G2|X q X pg1q˚prF1s ´ rF2sqq
“ p˚pg1|Xq˚pchpg
˚
1 pξ
1
b ξ2q|G1ˆY G2|X q X prF1s ´ rF2sqq
“ η˚pg2|Xq˚pchpg
˚
2 pξq|G|X q X prF1s ´ rF2sqq
“ η˚pchpξ|G|X q X pg2q˚prF1s ´ rF2sqq,
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where the second equality comes from Lemma 1.1 and (2.6); the third and
fifth equalities are from the projection formula; and the fourth equality
comes from (2.5) and (2.7).
2.3. Comparison. By (2.2) and (2.4), it is enough to show that
rY1s ´ rY2s “ pg2q˚prF1s ´ rF2sq(2.8)
as an element in the cokernel of p∆|Xq˚ : A˚pGr|Xq Ñ A˚pG|X q. The key
idea is the following lemma:
Lemma 2.3. The composition of morphisms pgˆ idq ˝ϕ : Y ˆA1 Ñ GˆP1
is well-defined and equal to φ.
Proof. We can check it by hand. 
By Lemma 2.3, we have rY1s “ pg2q˚rF1s in Z˚pGq. By construction, we
have rY2s|U “ rY1s|U “ pg2q˚rF1s|U “ pg2q˚rF2s|U . Note that this gives rise
to the equation (2.7). So, the equation (2.8) holds true and the proof of
Theorem 1.2 is completed.
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